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Nonlinear Vibrations of Unsymmetrically Laminated Beams

Rakesh K. Kapania* and Stefano Raciti
Virginia Polytechnic Institute and State University, Blacksburg, Virginia

The purpose of this study was to develop a simple one-dimensional finite element for the nonlinear analysis
of symmetrically and unsymmetrically laminated composite beams including shear deformation. The beam
element has 10 degrees of freedom at each of the two nodes: the axial displacement, the transverse deflection and
the slope due to bending and shear, the twisting angle, the in-plane shear rotation, and their derivatives. The
formulation, the solution procedure, and the computer program have been evaluated by solving a series of
examples on the static response, free vibration, and nonlinear vibrations of isotropic and laminated beams. For
unsymmetrically laminated beams, the nonlinear vibrations were found to have a soft spring behavior for certain
boundary conditions as oppesed to a hard spring behavior observed in isotropic and symmetrically laminated
beams. The in-plane boundary conditions were found to have a significant effect on nonlinear responses.

Introduction

URING the past two decades, composite materials have

become widely used in the design of structural elements.
The aerospace industry can be considered the promoter for the
advancement of structural design through the use of new
advanced composite materials. The greatest advantages of
these materials are their high stiffness-to-weight ratio and high
strength-to-weight ratio, which have a great potential for re-
ducing structural weight.

A considerable number of studies on composite beams and
plates have shown the importance of shear deformation in the
analysis of these structural components. The transverse shear
moduli of composite materials are usually very low compared
to the in-plane tensile moduli, with the result that transverse
shear deformation can be of considerable importance com-
pared to homogeneous isotropic materials. A beam theory
that includes shear deformation effects is generally referred to
as Timoshenko’s beam theory.

Methods for including shear deformation in the analysis of
plates are given, among others, by Fricker,! Di Sciuva,? Whit-
ney and Pagno,’ Reddy and Kuppusamy,* Bhashyam and
Gallagher,’ Phan and Reddy,’ and Reddy.” The importance of
shear deformation in laminated beams is explained in the
papers by, among others, Chen and Yang,® Teh and Huang,®
Whitney et al.,!® Teoh and Huang,!! Murty and Shimpi,'?
Miller and Adams,'? Abarcar and Cunniff,'# and Hu et al.'*
All of these papers are restricted to the analysis of symmetri-
cally laminated beams.

In laminated composite beams, the transverse shear defor-
mation significantly affects the lateral displacement, the natu-
ral frequencies of vibration, and the buckling loads. The
classical beam theory, which is based on the Bernoulli-Euler
assumption that planes initially normal to the midplane re-
main plane and normal to the midsurface after bending, leads
to high percentages of error in the analysis of beams or plates
composed of anisotropic materials. For example, the classical
plate theory predicts natural frequencies 25% higher than
those predicted by a plate shear deformation theory for plates
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with side-to-thickness ratio of 10.!% Also, results from Ref. 4
show that the first-order shear deformation theory discussed
by Reddy and Chao,'” predicts values of the natural frequen-
cies that are 11% higher than those predicted by three-dimen-
sional elasticity theory. A similar behavior is predicted to
characterize beam vibrations when the transverse shear defor-
mations are neglected. Furthermore, a beam element including
shear effects is also important for studying random vibra-
tions'® and wave propagation.!?

A study on the free vibration of fiber-reinforced cantilever
beams is given in Ref. 14. The authors included shear defor-
mations in their analysis by splitting the slope of the deflection
curve into two parts. One part contains the rotation due to
direct bending and induced bending due to twisting, and the
other contains the shearing angle of distortion due to the
application of a shear force. A slightly different approach was
used by Murty and Shimpi,!? who included shear deforma-
tions by dividing the total transverse displacement into bend-
ing displacement plus the transverse shear deflection. The
research done by Teoh and Huang!! on the free vibration
analysis of fiber-reinforced beams clearly shows the effect of
shear deformation on the higher bending modes of vibration,
whereas the twisting mode is practically unaffected.

In order to take into account the parabolic through-the-
thickness distribution of shear stresses, Timoshenko’s beam
theory uses a shear correction factor k. The most widely
accepted definition is that k represents the ratio of the average
shear strain on a section to the shear strain at the centroid.2’
There has been criticism of this definition of k. Thus, other
formulations were developed, as given in Refs. 20 and 21. A
closed-form solution for the shear factor of laminated nonho-
mogeneous materials is given by Bert?? and Bert and Gorda-
ninejad.?® Both studies use a simple mechanics-of-materials
approach, in which the shear strain energy of a nonhomoge-
neous beam is equated to the shear strain energy of an equiv-
alent Timoshenko beam with uniform transverse shear stress
distribution.

During recent years, the nonlinear analysis of beams has
gained considerable attention for increasing the efficiency of
structural design. A survey on the theoretical and computa-
tional advances in the nonlinear analysis of beams has been
given by Sathyamoorthy.2* More recently, the finite-element
method has become widely used in the nonlinear analysis of
structural elements as a relatively simple and reliable approach
for solving a large variety of problems. As a result, numerous
finite-element programs, for both the material and geometric
nonlinearities for the static and dynamic behavior of struc-
tural elements, have been developed. A review of the extensive
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work carried out in the nonlinear analysis of beams using
finite-element methods is given by Sathyamoorthy.?

This study was motivated by the lack of a simple one-dimen-
sional finite-element analysis of unsymmetrically laminated
beams including shear deformation, which could perform
static, free-vibration, buckling, and nonlinear vibrations anal-
ysis. A recent finite-element formulation for the linear analy-
sis of symmetrically laminated beams was presented by Chen
and Yang,® where a 12-DOF element was used. This research
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Fig. 1 Geometry of the beam element.
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differs from that of Chen and Yang in that an element with 20
DOF is developed and used. The element also allows for the
geometrically nonlinear analysis (nonlinear vibrations) of un-
symmetrically laminated beams. The purpose of this research
is to develop a computer program to perform a nonlinear
analysis of laminated composite beams in a simple and effec-
tive manner.

Element Formulation

The beam element is made of layers of orthotropic material
in which the orthotropic axes of layer may be oriented at an
arbitrary angle with respect to the beam axis. A simple one-di-
mensional beam element with 20 DOF is used to perform
static, free-vibration, and nonlinear vibration analysis using a
simple, efficient, and general approach.

Beam Element

The geometry of the one-dimensional beam element is
shown in Fig. 1, and the 20 DOF are described in Fig. 2. The
element has 10 DOF at each of the two nodes; the axial
displacement u, the deflection due to bending w,, the deflec-
tion due to shear w;, the twisting angle 7, the in-plane shear
B(=du/dy), and their derivatives with respect to x. Both 7
and B are assumed to be constant along the width (y axis) of
the beam. Two coordinate systems are used: the x-y Cartesian
coordinates and the £ local coordinate system. The latter
coordinate system, which ranges from —1 at node 1 to 1 at
node 2, is used to perform the Gaussian numerical integration
and will be used throughout this formulation.

Displacement Functions

The deflection behavior of the beam element is described by
the displacement functions u (£), B8(£), wy(£), w(£), and 7(£) in
terms of the nodal displacements that are interpolated through
Hermitian polynomials as follows:

u(£)=N1u1 +N2u1' +N3H2+N4u2/ (1)

where the prime stands for d/d¢, and the N are the well-
known Hermitian polynomials. Similar expressions are em-
ployed for B(£), wy(&), ws(£), and 7(£).
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Fig. 2 20-degrees-of-freedom beam element.
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Laminate Constitutive Relations

The mechanical response of the laminated beam under ap-
plied loads or external excitations is predicted in terms of the
properties of the lamina by using classical lamination theory
(CLT). The basic constitutive relations of the CLT are in the

T omEEg

where the N are the resultant forces (forces per unit length), M
the resultant moments (moments per unit length), the e strains
due to in-plane forces, and k the bending and twisting curva-
tures; the [4], [B], and [D] matrices are, respectively, the
extensional, coupling, and bending stiffness matrices.

For the case of the beam, the N, resultant force and the M,
bending moment, from Eq. (2), can be equated to zero as
follows:

Ny = A12€x + A22€y + A26'ny + Blex + Bzzky + BZ6kxy = 0
©)]

My = BIZGX + Bzzey + B26'ny + Dlzkx + Dzzky + D26kxy =0
“
However, the in-plane strain ¢, and the bending curvature &,

are assumed nonzero. Solving Eqs. (3) and (4) simultaneously
for ¢, and k,, the following is obtained:

BB, BB
€y = |: <A12 - Dzzl >€x + <A26 - D22 >’ny
Dlszz> < D26322> ] / <Bzz >
+ | By — ke +\ By — k, —= - A
< 2 Dy * "Dy 71/ \Dx 2

By A AzB2
IO R e
2
BBy _BZ(,BZZ> . ] <322 b >
i <D12 a A22 >kx * <D26 A22 © A22 2

&)

Setting N, and M, equal to zero in Eq. (2) and adding the
contribution due to €, and k,, the constitutive equations be-
come

Ny A A Biy Big €x Az Bz
Ny A5 Ass Bis Bes Yy Az Bas { }
M, ) By Big D1y Dys | | kx By Dyy
M,, Bys Bss Dis Dgs | \ Ky B Dy

©®

where ¢, and k, are given by Eq. (5). The constitutive relations
are symbolically written in the form

{N} = [D]{e} M

Shear deformation is included in this formulation by splitting
the transverse displacement into two parts:

W= W, + W 8)
where w is the total transverse displacement and w;, and w, are

as defined before, and by including the shear coefficient £ in
the transverse shear force-strain relation,

Ox = kD ®
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where Q, is the transverse shear force, k the shear coefficient,
D, the transverse shear stiffness, and «, the transverse shear
strain.

Strain-Displacement Relations

The strain relations are written in terms of displacement
derivatives in the following form:

_du 1 (dwy)®
ST T2\ ax /)

Yxy = B
d’w, dr dw
kx = 'd_xf’ kxy =2 a’ Yx = "as (10)

Substituting the displacement equation (1) into the strain-dis-
placement relations (10), the symbolic form of the strain-dis-
placement relations may be written as

e} = [Bo+ V2B.(q:)){q;} 1

where {g;} is the nodal displacement vector, [Bg] is the linear
strain-displacement matrix, and Y2[B;(g;)] is the nonlinear
strain-displacement vector, as described in the following sec-
tion,

Element Elastic Stiffness Matrix

The strain energy expression for the beam element is given
as

L
U=%S0b{e}T{N}dx (12)

where b is the width of the beam, {e} the strain-curvature
vector defined by Eq. (11), and {N} the force and moment
resultants vector. Substituting Egs. (7) and (11) into Eq. (12),
the strain energy relation becomes

L
U= Vz{alTHOb[B]T[D][B] dXJ{q} 13)
where [B], the total strain-displacement matrix, is given as

[B] = [Bo] + “2[B.(g»)] (14

In the preceding expression, [B;(qg,)] is the nonlinear strain-
displacement matrix and is given as

[Br(gx)] = [A][G] (15)
where the [4] and [G] matrices are obtained as follows:

%
ax
0

6wb 4
0 {Tx} = 11 [A]{6} (16)
0

L 0]

The derivative of w, can be related to the nodal displacements
by

€L=1/2

ow 2
a_xb = T (N{wp, + N6y, + Niwy, + Niby) amn

or in matrix form as

a
(03 = {gjf} (G145} (s)
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where the superscript b refers to the transverse displacements
(wy and 6,,) due to bending only. Substituting Eq. (14) in Eq.
(13), the strain energy relation becomes

L
U= Y {q}T[ Lb[Bo + V2B (g [D]
X [By + “2B.(gp)] dx} {q} 19

from which the total stiffness matrix k is obtained by

S

+ Y [Bo|T[D1[B, (Qb)]> dx

L

_au_ (4
[}

dq;

=

L
<[BO]T[D][B0]> dx + Lb<[BLT (@:)11D]1B0]

+3 j:b (BT (@ID1[B, (g dx
i=1.2,...20 (20)
or symbolically written as
[ = Ul + D] + [l @

where [n1,(q,)] and [ny(g,)] are the first- and second-order
stiffness matrices, respectively. That is, [#,(g;)] depends lin-
early and [n5(g,)] depends quadratically on the element DOF
due to bending, namely, Wa,, 0, Wp,, and 65,

The integrations given in Eq. (20) are performed using
numerical integration by means of the Gaussian quadrature as
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follows:

n

1
I g_l S dg = .Z:lHif(Si)

(22)

which is the general form of the Gaussian quadrature, and
where n is the number of function evaluations, H; the weights,
and £; the abscissas of the sampling points.

Equations of Motion

The equations of motion can be derived using the Lagrange
equations of motion, which can be written as

d

dr

@g_y_
ag; dg;
where U is the strain energy, and T the kinetic energy, is given
as

(23)

L 1

T =l LpA [ws(x) + we(x)])? dx + 3

L
j JRx)dx (24

2 0
where A is the cross-sectional area of the beam, J = phb3/12
is the polar mass moment of inertia, and the () stands for
(d/d¢). Substituting Egs. (24) and (19) into Lagrange’s equa-
tion (23), the equations of motion for nonlinear vibrations

may be written as

(&1 + [nigs)] + [magp)ll (g} + [m1{g} = {0} 25)
where [m] is the mass matrix, and the other terms are as

defined earlier. Partitioning the [k], [n,(g,)], [n2(g,)], and
[m] matrices so that the transverse displacements (due to
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bending only) w;, and 6, appear at the bottom of the vectors
{g} and {g}, Eq. (25) may be rewritten as

Ko ik | § Qu 0 iy [} Q, Oy
I:kwkww:l {Qw} " [nwlnwwﬂ {Qw} * [Onwwj {Qw}
Qu( _0
+ [6" ..... ww] {Qw} L)} (26)

where the subscript w refers to the transverse displacements
due to bending, and the subscript u refers to the rest of the
DOF. For the case of isotropic and symmetrically laminated
beams, [k,,] = [k,,] =0, since the coupling between the in-
plane and the normal displacements is absent. Also, it may be
noted that, for isotropic and symmetrically laminated beams,
the submatrix [4,] vanishes. The submatrices Pywys Moy s and
Py, A€ linear functions, and the submatrix Py is a quadratic
function of the nodal displacements w;, and 6, only.

Note that the variation of the mode is assumed to be the
same as the linear mode. Let

(Qw} = Qw17 @7

where {0, } is the normalized linear mode so that the maxi-
mum transverse displacement due to bending is unity, and 7(¢)
is a time function and will be written as 7 in the following.
Substituting Eq. (27) in Eq. (26), the in-plane displacement
vector may be written as

{Qul = _[kuu]—l[kuw]{Qw}T"' [kuu]‘llﬁuwl]{Qw}Tz (28)
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Substituting Eq. (28) in Eq. (26), the equation of motion for
normal displacements becomes

tkww — kwukujtlkuw] { Qw J7+ [ﬁwwl - kwukuzlﬁuwl
- ﬁwulkuTzlkuw] { Qw }1_2 + [ﬁwwz - ﬁwulkuilﬁuwll

x {07 + [M,,1{Q\ }7 = {0} 29)
The bars over various submatrices indicate that these ma-
trices have been evaluated using the normalized mode {Q, }.

Equation (29) can be solved by multiplying all terms by {0,,}7
to get an equation of the form

FtouT+arP+oar=0 (30)
Solution of the Eq. (30) can be obtained using any of the
available methods described by Nayfeh and Mook.?¢
If the function 7 is expanded in a periodic solution of the
form
M
7= Y, Ay cosmeo €1}
m=0
where

¢=0+ B 32)

then Q is given by?¢

2 13
Q-wll+az| 2% 3 (2 (33)
40[1 6 (24}
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Fig. 6 Amplitude-frequency curve for a symmetric cross-ply beam.
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The nonlinear period in the present study was obtained from
Eq. (33). It is noted that this equation was also employed by
Sinharay and Banerjee?” for studying the large-amplitude free
vibrations of shells of variable thicknesses.

Note that, for isotropic and symmetrically laminated
beams, the coefficient of 72, v, is identically zero. The analysis
of nonlinear vibrations for unsymmetrically laminated beams
is thus significantly different from that of isotropic and sym-
metrically laminated beams. The bending-stretching coupling
(the B matrix in the so-called A-B-D matrix) induces the
quadratic term 72, As seen from Eq. (33), the effect of these
terms is to reduce the nonlinear frequency. The effect of a3
terms, in the present context, is in general to increase the
frequency because, when vibrating with large amplitudes, the
membrane forces caused by the V2(dw,/dx)? term are tensile.
These membrane forces increase the bending stiffness of the
beam.

Results

A number of examples were solved in order to evaluate the
formulation, solution procedure, and computer program by
comparing the obtained solutions with existing alternative
solutions whenever possible. Note that all of the problems pre-
sented here were solved using the classical value for the shear
correction factor k = 5/6, unless otherwise specified. The
present element was tested by solving the static problems of
isotropic and laminated cantilever beams under tip load and
buckling of a simply supported beam. The buckling load was
found to be significantly affected by the shear effects. The
present results were found to be in good agreement with the
previous results. The details of the examples are given in Ref. 28.

Free Vibrations of Graphite-Epoxy Cantilever Beams

Results for the free vibration of unidirectional fiber-rein-
forced beams were presented by Abarcar and Cunniff'¢ in
their study of the effect of fiber orientation on the mode of
vibration of cantilever laminated beams. Their results showed
that for certain fiber orientations, such as 30 deg, the interac-
tion between bending and twisting can be quite strong, thus
bringing into play ‘‘a new spectrum of natural frequencies
which is different from the beam that vibrates in a pure
bending fashion.’” This is why torsional mode shapes are
present in the following results. Table 1 shows good agreement
between the results obtained by this formulation and those
obtained by Abarcar and Cunniff.*

Free Vibration of Unsymmetrically Laminated Panels and Beams

In order to evaluate the results for unsymmetrically lami-
nated beams, the studies conducted by Thornton and Clary?®
and Thornton?® on the vibration of composite material panels
are referenced. These studies report data for the free vibration
of square, unsymmetrically laminated cantilever panels. The
panels were made of eight laminations of boron-epoxy. The
four bottom laminations had an orientation of 6 =0 deg
whereas, for the four top plies, the fiber orientation varied
from 6 = 0 deg (symmetric panel) to # = 90 deg. Results for the
four different stacking sequences with increasing asymmetry
show that the bending-stretching coupling effect reduces bend-
ing stiffness, thereby lowering vibration frequencies. The
present results obtained with the beam element are within the
approximate 10-20% range of discrepancy with the compared
experimental results. This discrepancy is due to the modeling
of a square panel as a one-dimensional beam element. The
results are shown in Table 2.

Additional results are presented for unsymmetrically lami-
nated beams with length-to-width ratio of 5:1. Similar pat-
terns exhibited by the square panels characterize the vibrations
of the beams. Natural frequencies decrease with increasing
asymmetry of the laminate, as shown in Table 3. Figure 3
shows the plot of the ratio of the beams’ natural frequencies
(first two modes) to the frequency of a symmetric beam {0,/
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Table 1 Natural frequencies of a 30-deg
graphite-epoxy cantilever beam

Mode 4 elements Predicted' Experimental'*
no.? Jfu, Hz fu, Hz fn, Hz
1-B 52.65 52.7 52.7
2-B 329.78 329.3 331.8
3-B 928.29 915.9 924.7
1-T 1818.42 1896.5 1827.4

B = bending mode, T = torsion mode.

Table 2 Natural frequencies of an unsymmetric
boron-epoxy plate (45;/0,4]

Mode 4 elements Finite-clement® Experimental®
no. fn, Hz f», Hz S, Hz
1 30.20 24.3 24.4
2 36.64 48.5 55.1
3 104.20 118.0 141.0
4 172.80 151.0 157.0
5 201.67 193.0 208.0

Table 3 Natural frequencies of unsymmetrically laminated beams

Mode 6=0deg 8=225deg 6=45deg 6 =67.5deg 6=290deg

no. J», Hz J», Hz fns Hz fu, Hz Ju, Hz
1 107.36 87.71 80.30 78.96 78.87
2 340.05 470.40 449.22 370.71 337.61
3 673.58 560.64 505.77 495.40 494.83
4 1020.17 1349.97 1331.82 1112.12 1031.44

04]. It is noted that similar trends were observed for the square
plate by Thornton and Clary.?®

Nonlinear Vibrations of Isotropic Beams

Results for the nonlinear vibrations are first presented for
the case of isotropic beams. Nonlinear vibrations of isotropic
beams have been studied by Mei®! and Ray and Bert.3? The
plot of the amplitude-radius of gyration vs the nonlinear-lin-
ear frequency ratio square (Q/w)? is referred to as the ampli-
tude-frequency curve. Figure 4 shows the amplitude-frequency
curve for a simply supported beam with immovable ends. The
results obtained by the present formulation are compared with
those obtained by Mei3!; the agreement is good. Also, results
for the simply supported beam with movable end (one end is
allowed to move in the x direction) are given for comparison.
Note that, for the movable end case, the problem reduces to
that of linear vibrations. The amplitude-frequency curves for
three different support conditions are shown in Fig. 5.

Nonlinear Vibrations of Symmetrically Laminated Beams

Results for the nonlinear vibrations of a cross-ply [0/90];
beam and an angle ply [45/—45], are shown in Figs. 6 and 7,
respectively. The material properties used were those of graph-
ite-epoxy: E; = 18.5 x 10% psi, E, = 1.6 X 106 psi, v, = 0.25,
Gy, = 0.65 X 10° psi, and p = 0.055 1b/in’. These results were
obtained using six elements. Note that for this plot the nonlin-
ear-linear frequency ratio is not squared. The nonlinearity is
of a hardening type, and the effect of the clamped support is
to reduce the nonlinearity. This behavior was also observed
for the isotropic beam case. Also, note that the effect of
having the fibers running neither parallel nor perpendicular to
the longitudinal axis of the beam is to increase the nonlinearity
as compared to the cross-ply beam.

Nonlinear Vibrations of Unsymmetrically Laminated Beams

Results for a quasi-isotropic [0/45/—45/90]; and for a
[0/30/—-30/90]7 unsymmetrically laminated beams are pre-
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sented here. The material properties used were the same as
those given earlier for the symmetrically laminated beams. As
previously mentioned, the effect of the unsymmetry is to
introduce a nonzero coefficient of 72 whereas, for all of the
previous nonlinear examples, the coefficient of 72 was found
to be zero. The results are shown in Figs. 8 and 9. For the
simply supported beam, the effect of 72 is to change the non-
linearity to a softening type. For the clamped-simply sup-
ported and clamped-clamped beams, the effect of 72 is to
reduce the nonlinearity. Also, note that results are given for
amplitude-radius of gyration ratios up to 2.5. At higher ampli-
tudes, the single-mode assumption may lead to inaccurate
results in the analysis of unsymmetrically laminated beams.
The bending-stretching effect may lead to large variations in
the mode shapes. In order to evaluate the nonlinear response
at higher amplitudes, a multimode analysis would be needed.

Concluding Remarks

The formulation and computer program developed in this
study are tools for analyzing the static, free-vibration, buck-
ling, and nonlinear vibration behavior of laminated beams.

The present formulation allows for the analysis of unsym-
metrically laminated beams, which are characterized by bend-
ing-stretching coupling. The beam element has 20 degrees of
freedom, which allows modeling of the different couplings
that characterize laminated composite beams. Also, the
present formulation takes into account the effect of shear de-
formation, which can be of considerable importance in the
analysis of composite materials characterized by a very low
transverse shear moduli as compared to the in-plane tensile
moduli.

The bending-stretching effect on the nonlinear vibrations of
unsymmetrically laminated beams was found to change the

nonlinearity from a hardening type to a softening type, for
certain boundary conditions, as opposed to a hard-spring
behavior observed in isotropic and symmetrically laminated
beams. Also, the in-plane boundary conditions were found to
have a significant effect on nonlinear responses.

There are areas for additional work. A different approach
for including shear deformation would be more appropriate
than the present approximation using shear factors. A possible
approach would be the one similar to that of Hinrichsen and
Palazotto®® used for thick laminated plates. An alternative
approach is the one developed by Stein and Jegley.*

The shear deformation has been neglected only in nonlinear
vibrations. Inclusion of shear deformation in the nonlinear
vibrations may be important for analyzing the nonlinear re-
sponse of thick laminated beams. In a recent study, Mei and
Prasad® pointed out that the effect of transverse shear may be
quite significant for plate lengths less than 20 times the thick-
ness. However, for moderately thick plates, small deflection
theory with shear deformation yields accurate predictions of
maximum deflection, frequency, and stresses. For thin plates
(length/thickness > 50), the large deflection theory with trans-
verse shear effects neglected should give reasonable results.
Also, it is believed that a multimode analysis would be more
appropriate for studying the nonlinear behavior of unsymmet-
rically laminated beams at high amplitudes.
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